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Abstract 

This paper deals with the invariance of a measure on Sobolev spaces of low regularity un- 
der the flow of the cubic non linear wave equation on the unit ball of under the assumption 
of spherical symmetry. It presents two aspects, an analytic one which includes the treatment 
of local properties of the flow, and a probabilistic one, which is mainly related to the global 
extension of the flow and the invariance of the measure. 
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1 Introduction 

The goal here is to prove the invariance of the measure p constructed in II, under the flow of 
the cubic non linear wave equation on the unit ball of R^, hence answering the remark 6.3 of the 
paper by Nicolas Burq and Nikolay Tzvetkov. 

The equation studied is : 
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I f\t=o = fo dJ\t=o = fi ' ^ ^ 

where / is real, radial, is the unit ball in R^, and Ags is the Laplace-Beltrami operator on 
with Dirichlet boundary conditions. Though, it is soon to be changed into its complex form, that 
is, writing H - ^J-Ag3 and u = f - iH'^dtf, 

idtu + Hu + H-\Rm)^ = 

u\t=o = Uq = fo - iH'^fi 

In order to define the measure invariant under the flow of Q, a sequence of independant 
complex centered and normalised (law N(0, 1)) (gn)n is introduced, along with the measure fi, 
which is the image measure of the (well-defined) map from a probability space to the Sobolev 
space //°", o" < ^ : 

oo 

(fiO), r) = V —Cn 

^ nn 

n=\ 

where e„ are the radial eigenfunctions of Ags with eigenvalues jp'n^. It makes ^ a sort of limit of 
gaussian on when N goes to infinity. 

The measure p is then defined as : 

dp{u) = f'"^"""'^(«3)t///(M) 

absolutely continuous wrt fi. It has been proved that p is genuine, the norm || . Ili4(g3) being /i - 
almost surely finite. 

It comes from |[9l : 

Theorem 1 (Burq,Tzvetkov). Let cr < ^. There exists a set 1, Q H"' of full jj. or p (which is 
equivalent) measure such that for any initial data uq, the flow is globally well-defined and what 
is more the solution of ([2]) is unique in S {t)uo + where S (t) is the flow of the linear equation 
idtU + Hu - and s is some real number s > ^. 

Using the ideas of the proof of this theorem and the local property of the solution, the following 
theorem will be proved. 

Theorem 2. There exists a setii Q of full p measure such that the solution of (|2]) is strongly 
globally well-defined for any initial data taken in IT and that all measurable set A included in IT 
satisfies at all time t : 

pm)A)=p(A). 

Before going further, it has to be understood that p is built to be invariant under the flow of 
the non linear wave equation. Actually, by applying a cut-off on the frequency of the Lapace- 
Beltrami operator with radial symmetry and Dirichlet boundary conditions of the unit ball in R^, 
the NLW is approached by PDE in finite dimension, suceptible to finite dimension theory, like 
Cauchy-Lipschitz theorem. Indeed, call Ef^ the space linearly spanned by N first eigen functions 
of the radial Laplace-Beltrami operator on the unit ball of R^ with Dirichlet boundary conditions, 
by using projectors on E^, or, better to say, operators that send //* into E^ which are more regular 
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than mere orthogonal projectors, the non Unear wave equation can be reduced onto a problem on 
En, which admits a unique maximal condition thanks to Cauchy-Lipschitz theorem that can be 
proved to be a global one thanks to the existence of a conserved positive energy. The reduction is 
chosen such that the solutions converges in the space of distributions towards a solution of the non 
linear wave equation. 

Then, finding a measure pN on which is invariant under the flow of this equation relies 
mostly on the existence of a conserved energy and Liouville theorem. It happens that the sequence 
Pn extended to //°" converges towards a non trivial measure p on H°' . The measure p being a limit 
of pn, it is expected to be invariant under the flow of NLW. 

In previous works, like |l6l[3l|4l[TTl, the strategy applied to prove the invariance of the measure 
in infinite dimension used the fact that the initial datum was taken in spaces such that the 
orthogonal projectors lii^ on E^ were uniformly bounded, that is to say, there exists C independant 
from N, such that ||nAr||^^^ < C. So the projections lii^u converged toward m in "K uniformly 
in every compact subset of TY. In these cases, by approaching the the initial data in by its 
projections, the flow with initial data uq could be approached by the finite dimensional flow of 
HatMo, the convergence being uniform on any compact set of initial data in "K. However, here, the 
control that ensures the existence of global strong solution in |9] is the norm : 

I|5(0«oIIl" 

re[0,2],.v£fi3 

and thus the convergence of Unuq in does not ensure the convergence of this norm applied 
to YInUq and thus not the uniform (regarding the initial data) convergence of finite dimensional 
solutions towards the global solution. 

This problem can be solved though by introducing slightly difi'erent "finite" measures and 
dimensional equations. Instead of entirely reducing the problem to a problem on Ej^, only its non 
linear part will, that is to say, the initial data will be taken in H"' but the non linear part will be 
projected on E^- Therefore, the reduced problem will present two parts : a linear and of infinite 
dimension one and a finite dimensional though non linear one. Then, the reduced measure pat, 
instead of being defined on E;^ will be defined on all (and still invariant under the flow). The 
initial data, thus, will not have to be approached, only the flow will, like in [8]. Unlike in lH 
though, considerations on the reversibility of the flow will be confined to the linear treatment. 
Indeed, the flow of the linear equation is defined on all which makes it easier to manipulate. 
The afore-mentioned strategy using the uniform bound of the projectors will be used to prove the 
invariance of ji under the linear flow. Nevertheless, the flow of the NLW being defined only on a 
subset S of H\ this subset has to be invariant under the flow if the reversibility of the flow must 
be used. 

To sum up, f9l will provide the topological framework and the local results of existence for 
the non linear wave equation, [ 8 1 the descriptions of the "new" partly finite dimensional measures, 
ifTTI a guideline to prove the invariance of the measure under the linear flow, IS the main ideas 
and properties about random gaussian series, and thanks to all these results, the invariance of p 
shall be proved. 

Plan of the paper. The first part is a reminder of the results of [91 [TTJ [8l rewritten in a slightly 
different form in order to fit with the framework. The results of IH are stated at the beginning to 
display the theorems that compose the starting point. Then, the approximation of the non linear 
wave equation by finite dimensional problems is detailed. Finally, the first part of the proof of 
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theorem ^ is given, that is, the construction of the measures ju and p and the invariance of fi 
under the linear flow. 

The second part is mainly analytical, it deals with the local properties of the flow. First, the 
local existence of the flow is derived from [9|, then a result of local (in time) uniform (for the 
initial data) convergence of the approched flow towards the local flow of NLW is given, which 
leads to a result of local invariance of p under the local flow. 

The last one is dedicated to the extension of the local solution to a global one when the initial 
data is taken in IT and then of the extension of the local invariance result to a global one. 

2 Existence of solution for the cubic NLW 

2.1 Statement of the main results 

In [91, Nicolas Burq and Nikolay Tzvetkov have proved that there existed a large subset of H'^ 
with cr < J that could be taken as initial data for the 3D-non linear wave equation : 

(<9? - A)m + - (3) 

with u a radial function and A the Laplace-Beltrami operator on the unit ball of R^. 

The first paper shows the existence of local solution using a randomization of the initial data. 
The randomization is given by : 

Definition 2.1. Let ^ > ^, / = (/i,/2) e H'^ x H^~^ and an,Pn the sequences defined as : 

/l = ^ Onen , fl ^ ^Pnen 
n n 

with Cn the eigenfunctions of A on the unit ball with Dirichlet or Neumann conditions. 

Then, let /z„, /„ be sequences of real centered gaussian variables, independant from each other 
on a probabihty space Q., P. Set : 

r = (/r,/2") 

with 

n n 

Then, a local solution exists : 

Theorem 2.2. Assume s > and f e H" x H'^~^. Set defined according to the previous 
randomization. There exists a regularity parameter c > 5 such that for almost all w e Q, there is 
a time T^i > such that there is a unique solution to in 

cos( V^o/r + '^"^^^^ 2" + C([-r^, r^], //") . 

V-A 

The second one is dedicated to the global extension of these solutions (with Dirichlet boundary 
conditions). It states : 
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Theorem 2.3. Fix p e]4, 6[. Let and be : 




n n 



Then, for all s < ^ and almost all oj e Q, the problem (H]) has a unique global solution in 



C(Rt,H')nL>;(R„LP) . 



To prove this theorem, a cutoff on the frequencies of the Laplace-Beltrami operator is used. 
The idea is to solve the equation on finite dimensional functional spaces, spanned by the A'^ first 
eigenfunctions of the Laplacian. Then, by taking Umits of the finite dimensional solutions, a subset 
of Q. of full measure appears into which the norms of the local solutions with initial data of the 
form /o(a>, . ),fi{a>, . ) are controlled as the limits of finite dimensional solutions whose norms 
are themselves controlled. Therefore, this set of full measure provides a set of functions such 
that the local solution can be extended. The way these sets of control at finite times are built will 
inspire the construction of other sets onto which not the flow is strongly globally defined but also 
onto which the measure that we will define is invariant under this flow. 

Before going further, the way the problem is reduced to a finite dimensional one will be de- 
scribed, as the definitions involved shall prove themselves useful for the sequel. 

Definition 2.4. hetx be a function with support included in [-1,1] and satisfying 



The set linearly spanned by {e„ | « < A'^} is now called and is the orthogonal projection 
on ^A^. 

Proposition 2.5. The operators S n cire uniformly continuous from to normed by L^, that 
is to say that there exists a constant C independant from N such that for all f e U\ 



on [^,^]. Then, for all e N we call 5 n the operator xi 



-S) that is to say the operator that maps 




n 



to 




n 



WSNfhi' < CWfWLP . 



Also, for all f e L'^, the sequence {S Nf)N converges towards f in LP. 



The proof of this proposition can be found in ||7|. 
The reduced problem in finite dimension becomes : 




(4) 



This should be explained in the next subsection. 
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2.2 Approximation of the flow by finite dimensional problems 

First, one should see how the equation ^ is derived from the non linear wave equation on the unit 
ball. 

Conserved quantities The initial equation is : 

f\,=o - /o {dtf)\t=o - /i ^ ^ 

where is the unit ball of and Ag3 is the Laplace-Beltrami operator on with Dirichlet 
boundary conditions. 

Now, by setting H = ^-Agi, uq = fo - iH^^fi and u - f - iH~^dtf, u satifies : 

idtu + Hu + H-^ (ReM)3 ^0 
I (d) 

Proposition 2.6. The equation ^ is a Hamiltonian equation with energy : 

S{u) - - r \Hu\^{r)r^dr +- f \Reufr^dr . 

The operator is then introduced in order to reduce the problem into an almost finite dimen- 
sional one. 



Definition 2.7. Set&f^ the quantity : 



^Niu) - - I \Hu\^?dr + \\SN^&utr^dr . 



B3 4 
This quantity is the hamiltonian of the equation 

idtU + Hu + S n{H'\S N^euf) - . 

Proposition 2.8. Set mq e H"^ with cr < ^ andS{t) - e'^' the flow of the linear equation idfU+Hu = 
and consider the equation : 

idtv + Hv + SNH-\{SN{S(t)uo + v))3) 

vU = ■ ^'^ 

There exists a global strong solution called vn- 
Furthermore, un = S{t)u() + satisfies 

idfUN + Hun + S n{11~^ {S nRsun)^) = 
with initial data uq. The flow of this equation is written u^it) - ij/ i^{t){uQ). 

The equation (on v) idfV + Hv + S i^H~^ {{S n{S {t)uQ + v))^) is on En and thus the Cauchy- 
Lipschitz theorem holds and shows that it admits a local unique solution for any initial condition 
vq, and with mq fixed. Then, the quantity &i^{Iif^S{t)uQ + v) does not depend on time and controls 
V, which implies that the local solution does not explode and therefore the solution is global. 
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2.3 Building invariant measures 

Now, invariant measures under the flows ij/j^ are built. First, call e„(r) = ^^^^ the eigenfunctions 
of the Laplacian with Dirichlet boundary conditions. Then, let Q, P be a probabiUty space and 
{gn)n a sequence of independant centered and normahzed gaussian variables. Set : 

(fj^iii), r)= y e„(r) . 

^ nn 

n=l 

The image measure /un of fN on is absolutely continuous wrt the Lebesgue measure on E]^ 
and : 

N N 
n=l n=l 

n=l 

where di\f is a normalization factor. 

Thanks to this point of view, it appears that i^n is invariant under the flot S{t) on E^. Indeed, 
by Liouville theorem, the Lebesgue measure on E^ is invariant under the flow and the quantity 
5 J \Hu\^ is invariant under 5 (t). 

Furthermore, the sequence (pff converges in L^, H"^ for all cr < ^. Denote its Umit by (f and 
call ju the image measure on H'^ of a; i-> (p(cj, .). 

Also, considering the measure yu^ on £^ (the orthogonal being taken in H"') such that 
it comes that on 5^, //^ is the image measure of 



(f" :aji-^ } en 



n=N+l 



Lemma 2.9. Let U be an open (for the trace topology of H"' on Ej^) set of E^ and call fi^ the 
image measure of 



N 



n=M+l 



nn 

on E^ the space linearly spanned by {cm+i,- • • , e^}, such that //^ - ® ju^. It comes, 

nifiU)<limMiu^{UnE^). 

N—*oo 

In particular, for M - 0, this leads to, for all open set U ofH"', 

lx(U) < liminf fiN{U n En) . 
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Proof. Leto-<cri < i. Let A be the set of Q, A = and A^r = (^j^rHf/ n 

If A is empty, then //^(f/) = = juj^(?7 n E'^). 

If not, let a> € A. Since ?7 is an open set, there exists a ball of radius e > such that 
if'^iaj) +BenE^cU. Also, 

\\<p^(co) - <p''(co)\\h^ < A^'^-'^'II^MII/f-i . 

The norm ll^ll^z ^<ri being finite, fot almost all a>, the ||^(a))||/fo^i is finite. So, for almost all 
CO e A, there exists Nq > such that for all N > Nq, (f^ioj) e (p^{oj) + n Ej^ Q U, as 
<Pn - ^ ^M' ^^'■^ ^^s^s ^0 such that for all > A^o 

a» e Ajv that is to say a> e lim inf Ajv . 
So, A c lim inf A^r with the possible exception of a negligible set. By Fatou lemma, 

nl^(U) = P{{ip"T\U)) = P(A) < P(liminf Aa,) < liminf P(Aa,) = liminf n ^at) . 

□ 

Remark 2.1. For a// closed set F ofE^, 

HM{F)>\imsupn^iFnE^). 

Proposition 2.10. The measures fij^ are invariant under the ^ow 5(?)|ex . Therefore, with M -0, 
/i is invariant under S (t). 

Proof. Let F be a closed set of F^ and for all e > 0, call = n Ej^ with the open ball of 
H'^ of radius e. For all ? € R, 5 (f) is a linear isometry of H'^ and F^ is invariant under 5 (t). Thus, 

as F + Sf is a closed set of F^, S{t)F + Bf (/)(F + ) is also closed : 

fiti(S(t)F + Sf) = KS(t)(F + SF)) > hmsup/ij;f(5(0(F + Sl) n F]^) 
and as 5 it)A n E^ = S (t)(A n E^), 

nii{S{t)F + Bf)> limsnv ^i^(S(t)(F + Sf n Fj^)) . 
Then, ^uj^f is invariant under the flow 5 (Ol^j^ for the same reasons as /jn, so 

HM{S{t)F + Bf) > limsupyuj!f(F + Bf (1 E^^) > limMfx^{F + Bf nE^) 

nif(S(t)F + Sf) > liminf /ij;f(F + sf n Fj^) . 
As F + 6^ is open in F^, 

/i^(5 (OF + Sf ) > A^^(F + fif ) > fiif(F) 
and by the dominated convergence theorem when e — > 0, 

/ii^(5(/)F)>/i^(F). 
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The linear equation is reversible on all Ej^ and S(t)F is closed so, 

lui,{F)=fii,iS{-t)S{t)F)>iuj^{S{t)F) 

which gives 

I^MiF)=i,ij{S{t)F) 

for all time t and all closed set F. 

Then, again because S (t) is an isometry on Ej^ and thus preserves the topology, this equality is 
stable under the passage to the complementary and to denombrable union. Therefore, this property 
is true for all measurable set A and all time t. □ 

As the quantity | J^j \S N^eu\'^ is /i almost surely finite (see 111) the measure 
is well-defined on all H"'. 

Proposition 2.11. The measure pi^ is invariant under the flow ij/i^ globally deflned in proposition 



Proof. Consider a measurable set A of initial data mq. For each uq in A, we can write : 

where 11^ is the orthonormal projector (in H°') on Ej^. It suffices to consider A of product type, 
that is of the type : 

A = {mo I nwMo £ B , rf^"o £ c] 

with B and C measurable sets of respectively En and 5^ since the topology (and so the measurable 
sets) of is the same as the one of the cartesian product Ej^; x E^. 

Therefore, 

ll/N{t)UQ = S {t)UNUQ + S {t)Uj^Uo + V{t) = lAivlfijvCOCnivMo) + S (OlBJ-n^^Mo 



and thus 



(Aiv(0(A) = l^NlEAm X S(t)Ei(C) . 



So, the invariance of under tfr^ is reduced to the invariance of /i^ under S{t) and the in- 

variance of g-i 1^3 I'^"^^"IV///v(m) (on f'Af) under i^nIen- The first invariance has already been dealt 
with. For the second one, all B c E^ measurable satisfies: 

e-^''^"^dLN{u) 



iAa'I%(0(B) 
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where is the Lebesgue measure on Ef^. By Liouville theorem, is invariant under iPn\en, 
therefore the following change of variable u - iA/vIe^COCw) holds : 

Then, remarking that on Ej^i, &N{'^N\E,^{t){w)) can be derived over t and is equal to &i^{w), the 
measure is invariant and so, p^? is invariant under ifjp^. 

□ 

Definition 2.12. Let and / be the application on defined as : 

fyiu) = e-'^ and f{u) - 1^^"!' . 

The following statement comes from the analysis of ISl . 
Proposition 2.13. The quantity 




is finite for ^-almost all u € H"^. 

Besides, fy converges towards f in norm. 

Therefore, the measure p can be introduced as : 

Proposition 2.14. The measure p such that : 

dp{u) = f{u)dn{u) 

is well defined and non trivial. And for all A measurable, 

p(A) - lim pn{A) . 

The proof of the convergence is very similar to the one in the case of the defocusing NLS, as 
can be found in [,8J, and then : 

P(A) = I f{u)dii{u) 

J A 

|p(A) - pn{A)\ < £ \f{u) - fN(u)mu) < 11/ - /vllii . 

The fact that there exists a set of full p measure onto which the flow of ([6]) is well-defined has 
been proved in 

Now, the fact that the measure p is invariant under the flow shall be seen. 
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3 Uniform convergence of the approached flows 
3.1 Toolbox 

Sobolev embedding For a start, here is the fondamental Sobolev embedding theorem on R". 

Theorem 3.1. Let n e N and s e R. Set p € [2, cx5[ such that 5 = ^ + f ■ The functional space 
H'\W^) is continuously embedded into L''(R"). That is to say, there exists a constant C{s) such 
that for all f € H\W), 

II/IIl/' < Cll/llff. . 

Remark 3.1. By considering f radial and with compact support on the unit ball in dimension 
3, as a particular case of the precedent theorem for all f radial and with compact support on B^ 
and in //^ (R^), that is to say for all f e 'H^, it comes : 

as long fl^'^' ^ = I + |. 

The proof of Sobolev embedding thorem can be found in HI. 

Deep into the local existence of solution for the cubic NLW The goal here is to show that on 
certain sets, the flows tAw converges uniformly towards i//. So, first, determistic Strichartz estimates 
and needed properties of the flow are described. 

Definition 3.2. Let p>2,q such that - + - = ^, T > and s = -. Call 

X'j. - C°([-r, T], H\B^)) n L'\{-T, T), L\B^)) 
where B^ is the unit ball in R^ and 

- L\[-T, T], H-'{B^)) + LP'ii-T, T), L'''{B^)) 
its dual where p' and q' are the conjugate numbers of p and q. 

Proposition 3.3. Let p €]4, 6[ and = | - |. There exists a constant C such that for all T e]0, 1] 
and all f, 

<C\\f\\x^and\\f\\Y^<C\\fh, 

The proof comes from a particular case of interpolation between the two functional spaces 
described in the definition of X^. 

Thanks to a combination of Sobolev embedding theorem and Strichartz inequality (see lITOl 
for further details), the following property holds : 

Proposition 3.4. Let p €]4, 6[ and s defined as s = ^ - ^, there exists C < such that for all 
re [0,1] and all f e H' : 

\\sm\mi-T,W)<C\\f\\w . 
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Proposition 3.5. Let p €]4, 6[, p\ e]4, 6[ such that p\ > p, s = j - ^ and s\ = ^ - j-^ > ^- There 
exists C such that for all T €]0, 1] and all f, 

S{t-u)H-'f{u)du\\x^^ < Cll/lly,-. 
\\{1-Sn) r H~'S{t-u)f{u)du\\x^ <CN'-'my^-n- 

Jo 't 

The proof can be found in H]. The last crucial result needed from this article is the local 
existence theorem, and its implication regarding the norms of the function v{t) - \]j{t)uQ-S {t)uQ 
where ilj{t) would be defined as the flow of 

idfU + Hu + H~\Reuf =0 

that is to say v is the solution of 

idtv + Hv + H-\{Re{S{t)uo + v(0))') - 
v|.=o ^0 • 

Theorem 3.6. Choose a real number p e]4, 6[ and define s as s = f ~ p- There exists C > 0, c > 0, 
7=1-^ such that for any arbitrary large number A, there exists a time of existence t e]0, 1] 
depending on A as t - c(l such that for all initial data uq satisfying \\S {t)uQ\\^p 2]xb^ - 

there exist unique solutions of the equations dZ]) and dH), vn and v, belonging to X^ and satisfying 

IMIxj, IMk <CA. 

Also, as S (t) is 2 periodic ( the eigenvalues of the Laplacian on with Dirichlet boundary 
conditions are of the form (nn)^, « e N*j and thanks to the proposition Ii3.4\l . there exists another 
constant C such that for each t € [-r, t] ; 

\\s{t'){umy Alsit'xuNmy <\\s{2t')uoh- +\\s{t'Mt)\y <c'a 

and if uq e H"', the solutions satisfies : 

ll"(OII//-,l|Miv(OII//- < C'llMollff- 

with u{t) = S(t)uo + V and ui^{t) = S{t)uo + v^v- 

Remarks on sets' measurements The local results of existence will provide local properties of 
uniform convergence of the sequence of flows tf/N toward the flow tfr and then induce properties 
on the invariance of the flow that will remain local. In order to extend those next to appear local 
properties into a global invariance of the flow, we will have to control the quantity denoted as 
A in the previous theorem. But this control has to satisfy certain properties, such as the set that 
describes the initial data that lead to a controlled solution must be of full measure. 

To this purpose, consider the following proposition. 
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Proposition 3.7. Let tr < ^, let p e]4, 6[, let D >0 and consider the sets : 

BiDf = {uoeH''\\\S{t)uohp^>D] 

and 



E{Df = {uo e H'' I WuoWh^ > D} . 



There exists c > independant from D such that : 



p{B{D)%pN{B{Df) < piB(Df) < e 



-cD^ 



and 



p{E{Df),pf,{E{Df) < KEiDf) < e 



The proof depends on the lemma 3.3 that can be found in |[8]| . 

Remark 3.2. It will appear that the time ti < t such that there is local convergence on X^^ 
depends on D. It will then be necessary to prove that t\ is big enough to control u{t) at some finite 
times tk with k ^1. cover all times, and still have a set of initial data of full p measure. 

3.2 Local uniform convergence 

We now want to prove that the flows if/ and if/N are such that il/(t)uo - i/'a^COwo converges in for 
some Ti uniformly in uq. 

Lemma 3.8. Let cr e]0, \ [,p €]4, 6[ and s defined as s = ^ - -. Fix D >0 and consider A{D) the 



There exists ci > and yi > such that by fixing ti - min(ci(l + D)"^' , t), where t is the 
time provided by the theorem dj.6D for all e > 0, there exists No > such that for all uq e A(D) 
and all N > Nq, 



set 



A{D) = {uo € H'^ I \\Sit)uo\\LP < D and \\uo\\h- < D}. 



\\ll/{t)uo - (AvCOi^ollxJi < € , 

that is to say that if/i^{t)uo converges uniformly in uo € A(D) in X'l^. 



Proof. Let uo € A(D) and v and vat be such that 



il/{t)uo - S{t)uo + v{t) and \fjN{t)uo - S{t)uo + v^it) . 



The functions v and va? are both in so the norm 



||iA(0"o - iAvCOmoIIx^j = llv - vnWx^^ 



is finite for all ti < t. 



For all f < T : 




Jo 



Sit- s)H~^ ((ReiA(s)Mo)^ -SNiiSN^eil/Nis)uo?))ds 
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that is to say v - - 1^ + 11^ with 
and 

11^ = J^S{t- s)SnH-^ ((Re(A(5)Mo)^ - (ReS N4fN{s)uof)ds 
Thanks to proposition (13.51 ). for T < r and si > s 



lyl-»l 
T 



with C independant from D, T, and N. Let pi be such that 1 ~ ■^i = | ~ ^- The condition > 5 
is equivalent to p\ < j^. Hence : 



l|/;vllz^ <CA^-^~-''ll(Re^«o)'ll 

L,, ,. 



Il/wllz^ <CA^^'^''ll(Re^"o)ll^3;/, • 



To majore this norm, the condition 3p\ < p is wanted. This condition is equivalent to pi > 
which means pi has to be chosen in the interval But since p > 4, < and 

so, such a choice is possible, and in particular, by choosing p\ = or 3p'^ - p, it comes : 

X-^<CN'-'' i\\S{t)Uo\\L,' + MD'? 

\\x.^<CN'-'' {\\S{t)uo\\Li' + \\v\\x^f 
and thanks to theorem (13.61) . ||v||x' < CD with C independant from D and T as long as T < r so 



Therefore, for all e > 0, there exists A^o such that for all uq € A(D), all T < t and all N > Nq, 
Once more, thanks to (13.51 ). 



WIInWx^ < II {iRcHs)uof - iRcSN<pNis)uof) I 



't 



and with p2 such that \ - s = - — that is p2 = 

Z p2 p Z 



WIInWx^ < II ((Re^(^)Mo)3 - (Re5^^^(^)Mo)^) | 



Since 



\iReiJ/is)uof-(R&SNil'Nis)uof\ < -|Rei/^(i')Mo-ReS/viAA'('«)wol ((Re(/r(5)Mo)^ + (ReS/viAA'('5')Mo)^) , 



by Holder inequality with \ = + 
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< \\Reil/(s)uo -ReS Ni/fN(s)uo\\^3p'^ {\\{Rei^(s)uof\\ ^3/^/2 + \\(ReS NflfN(s)uof\\j3p'^/2) 
As - < P 

\\(Re,/,(s)uo)\p'^,2 = \\ReHs)uo\\l,,,2 < T^'"ms)uo\\lp 
with 72 = it comes that : 

||//ivllxf < CD^T^T^Re,/^(s)uo - ReS nMs)uo\\^3p', 
with C independent from D and T as long as T < r. 

Now, the quantity \\Reifr(s)uo - ReS n'I^n(s)iio\\^3p'2 < Q^n + Pn remains to be considered, with 
cun = 11(1 - S N)ffy(s)uo\\ andy3/v = \\S n{iI/{s)uq - iI/n(s)uo)\1 
By the same convex inequalities as precedently, 

jSiv < CT'^mt/fis)uo - >/fNis)uo\\LP < CT'>'^\\t/fis)uo - >/fN(s)uo\\x'j. ■ 

Choose 2 < p3 < ^J^' ^[ ^^'^ ^^^^ era = 3 (5 - ^) < cr. As 773 < 3 < 3^2 < P so, there 
exists e e]0, 1[ such that 3^ = ^ + thus 

< 11(1 - SN)ifr(s)uo\\%,\\il - 5^)V^(j)Molli;^ 

11(1 - SNms)uo\\u, < C(||5(/)Mollz/ + llvllzj) < CD 
and by Sobolev embedding theorem : 

11(1 - S N)Hs)uo\\m < 11(1 - S N)iJ/is)uo\\^P3 if 3 

Now, for all s, 

11(1 -5;v)^/^(^)Moll/f-3 < CN'''-^Hs)uo\\h^ < CDN^^-^ 

and so 

Therefore, for all e > 0, there exists A'^o such that for all mq e A{D), all T <t, and all A'^ > A^o^ 

aff < e . 

Now, let us sum up these inequaUties. 
||^^(Omo - M)uo\\x^, <In + CD^T^y\aN +Pn) <In + Ca^ + CD^T^^^mt)uQ - ilfN{t)uo\\^ . 
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Set 71 = max(y, and n - min(T, C-^l^^'^''^(\ + D)"^'), such that CD^rf - < CD\^"" < 1, 
hence 

||lA(f)"0 - (AivCOMollz?, < + Un) 

SO for all e > there exists such that for all mq e A(D) and all N > Nq 

\\ifrit)uo - (AivCOMollz^j < e . 

□ 

Remark 3.3. Note that the construction ofy\ ensures that yi>y but that t\ is still a power ofD. 
3.3 Local invariance 

Let us show that the measure is invariant under the flow locally in time. That is, as long as the 
sequence t^!^{t)uo converges uniformly on some sets, it will appear that p{ifr{t)A) > p(A). This is 
the first step in order to reach a global invariance result for the measure. 

Lemma 3.9. Let cr €]0, p e]4, 6[, s - ^ - ^, and D > 0. Set A(D) the set described in <i3.81l . 
T - c(l +D)"^ the local exitence time coming from theorem f |j.6D and ti = min(T, c\{\ +Dy'' ) the 
local time of uniform convergence, all three depending only on D and p. Then, for all A c A(D) 
measurable, and all t e [-ti, tJ, the set (f/{t)A is measurable and : 

pm)A)=p{A). 

Proof. First, for all A measurable, ifr(t)A is also measurable thanks to the local continuity of the 
flow. Assume now that A is a closed set of //°" included in A{D) and set 6 > 0. By lemma (13.81 ). 
there exists No such that for aU uq € A(D) and all N > Nq 

\\il/it)uo - (AwCOmoIIxj, < e . 
But by definition, || . \\x^^ > || . \\cO{[-Ti,TiiHHB^)y So for all t e [-ti,ti]. 

Let be the ball in H' of center and radius 6, as A c A(D), for all N > Nq, and all 
t e [-Ti,Ti], 

(Aiv(0(A) c ^(0(A) + B, 

therefore 

PNilpNitXA)) < PNmM) + B,) . 

Then, since the measure pj^ is invariant under the flow if/j^, as it is stated in proposition (12.111 ). 

PN(il'Nit)A) = pn{A) 

and thus 

Pn{A) < pNiHOA + B,) . 



16 



Then, using the fact that (proposition (12.131 )). for all /i measurable set B, 



p{B) - hm pn{B) , 

and as the property pa?(A) < pi^{\fj{t)A + B^) is true for all N > Nq, by taking the limit : 

p(A) < p((A(OA + B,) 
and then by making e tend toward 0, thanks to the dominated convergence theorem, 

p{A)<p{mA) 

and that for all t e [-ti, ti]. Indeed, = tA(0^ is continuous in so ifr(t)A is closed in 

For the reverse inequality, use the fact that indeed, ilf{t)A c ifjj^{t)A + 6^ for all uq € A(D) and 
« > A'^o- It is also true that the ball B^ of radius e in contains Be as cr < ^ < 5, so : 

lACOA c i//'A,(OA + Be . 

Then, the fact that the equation is reversible, and so (Aw(0^ = ^N{-t) is used. Also, thanks to 
the continuity of the local flow on //°", there exists a constant C depending on the time t but not on 
£ or N such that : 

(Aiv(-0(<Aw(OA + Be) c A + Bce 

so 

iA(OA c ^^(OA + Be C (Aiv(0(A + Bce) 

and 

Pw((A(OA) < pw (tAiv(0(A + Bce)) = Piv(A + Bce) 

thanks to the invariance of p^ under (A a?. 
By passing to le limit N > Nq ^ 00, 

pm)A) < p{A + Bce) 

and then e ^ 0, 

p{mA)<p{A) 

so for all closed set A of H"^ included in A(D), 

p(^(OA)=p(A). 
Then, remark that A(D) is a closed set of H"' , so 

p(^(OA(D))=p(A(D)) 

and thus the property of invariance under the flow passes to the complementary and the denom- 
brable unions. It holds on every measurable set. □ 
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4 Measure invariance 

4.1 Building sets of full measure with global existence 

We now need to build a set of full p measure such that in this set not only the local invariance 
result holds but also can be extended to a global one, that is to say that in this set the flow must be 
globally well defined. 

Definition 4.1. Let 

with i,j € N and set Tjj = ^jj^^ Ti{Dij). Let 



and 



and finally 



n, = limsupIT^,- 



n = Un,-- 

Proposition 4.2. The set IT is of full p measure. 

Proof. Let us compute the measure of the complementary set of IT. 
First, as 

= n <Aw(±r;j)-i(A(A-j+i)) , 

and 



Piv(n^,,) < J^p/v((-Aiv(+rij)*kA(A-j+i))') . 

Then, using that (iAAr(+r,-,^)~'(A(D;j+i))'^ ^ i/'A,(±r,-^)"^(A(D, it becomes clear that the 
measures of these sets are equal and as p^ is invariant under the flow i/'/v : 

j j 
But, A{Dy ^ B(Dy U E(Dy with B and E the sets defined in ^J} so 

lu(A(Df) < niBiDf) + ^i{E{Dr) < le-'""' 

so 
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J 

and so 

J 

as e is the general term of a convergent series. 
Therefore : 

p(n^) - p(liminf n^;) < liminfpCn^,.) = e"^^'' + hminf ||/ - /^vIIli - Ce"" 

and then 

p(n^) = p(Pn^)<iimp(n^) = o 

that is to say that 11 is of full measure. n 

Lemma 4.3. Let uq e 11,, the flow (^{t)uo is strongly globally defined and for all j e N and 
\fj{±Tij)uQ belongs to A(D,;y+i). 

Proof. As Mo e H,- = lim sup llAr,-, there exists a sequence A/^j- — > oo such that for all k, uq e UNkj, 
which is equivalent to il/Ni^{±Tij)uo e A{Dij) for all j e N. 

Then, by recurrence over j, it can be proved that ifr{t)uo is defined on [-Tij, Ttj] and that 
il/(±Tij)uQ - i//N^{±Tij)uo converges toward in 'H^ when k ^ oo. 

For = 0, Ti^ = and so uq = (Aw^(±r,;o)M() e A(D,j and il/iTi^o)uo-ipNkiTi,o)uo = converges 
toward in H\ 

Suppose that at rank j, ifr{t)uo strongly exists on [-Tj j, Tjj] and il/{±Tij){uo) - il/!^^{±Tij){uQ) 
converges toward in H" . Let us show that the property holds at rank j + 1. As 

m+Tij){uo) - (Aiv,(±ro)(«o)ll//- < m±Tij){uQ) - ilJN,{+Ti,j){uQ)\\H^ 

and 

115(0 ((A(±ri,y)(Mo) - if^N,{±Ti,j){uQ)) \\^^ < m±Ti^j){u^,) - ilj^^{±Tij){uo)\\w 
and for all k, 

UN,{+Ti,j){uo)\\m < Dij+i 

and 

\\Sit)(ll^N,i±Tij)iUo))\\Lr^ < Dij^i , 

by taking the limits when k ^ oo, it comes that u± := tfr{±Tij)uo € A(Dij+i). 
So, thanks to theorem (13.61 ) il/{t)u± is strongly defined on [-ti,ti] c [-t, t] and thanks to 
lemma ( 13. 8D . 

4f{t)u+ - (AiVj.(0"± 
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converges toward in X^^^). In particular, 

converges toward Oin H\ 
Then, as 

lpi±Tij+i)UQ - lfrNk{±Tij+i)Uo = tA(+Ti(D,-j+i))M+ - (AiV^(±Ti(D,-j+i))M+ + 

and since v i-^ tfrN{±Ti{Dij+i))v is uniformly in N continuous from H" nA(D; y+i) to H\ it implies 
that 

'AiV,(±Tl(D,-y+i))M+ - (AiV,(+ri(D,j+i))(l/^A,^(±r;j)Mo 

also converges toward in H\ Therefore, 

il/i±Tij+i)uo - tpNt{±Tij+i)uQ 

converges toward in//* and as it has precedently been seen, it implies that^i'(±r/ ^+i) € A(D,- y+2). 

□ 

4.2 Global invariance 

Now, a first result of global invariance can be proved. 

Proposition 4.4. Let Abe a measurable set included in IT/. Then for all f € R, we have 

pmxA)) = piA) . 

Proof. In order to prove such a fact, it is required that the sequence Tij where / is fixed diverges. 
Indeed, 

Ti(D,j) = min(T(Aj,ci(l + Aj)-^') - min(c(l + Aj)-^ci(l + Aj)"''') 

and Di j = a/^TT"^ diverges. Therefore, asyi > y, above a certain rank ti(Z),j) - C2(l+Aj)~'^' 
with C2 = ci if y < yi or C2 = min(c, ci) otherwise. 

So, Ti{Di j) behaves like j'^l^ when j ^ oo and so the sequence Tjj diverges. 

Let f € R, there exists j such that t e [Tij, T/ y+i] if f > or f e [-Tij+i, -Tij]. Let us show 
by recurrence over j that for all t € [Tjj, Tij+i] U [-Tjj+i, -Tij], 

pm)A)=p{A) 

For j = 0, we have r,;o = 0, T,- 1 = ti(D^) and A = 1/^(7,- o)(A) c i/c(r,- o)(n,) c A(D,j) thanks 
to lemma (14.31) . So, the local invariance lemma ( 13.91 ) holds : for all t e [-ti(D,j), ti(D,j)], 

p(^(0(A))-p(A). 
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For J - 1 ^ j, i//{±Tij){A) c ,l/{Tij){Ui) c A(D,;y+i) (lemma (gj)). So, by using lemma (IXOl ). 
foralWe [0,Ti(Aj+i)],' 

p ((A(±0 (<A(±r,-,,)(A))) - p ((A(±r,-,,)(A)) . 

Then, by using the recurrence hyothesis, 

p[il>{±Tij){A))=p{A). 

And so, for all 

t € [Tij, Tij + ri(Aj+i)] U [-Tij - TiiDij+i), -Tij] 
= [Tij,Tij^i]U[-Tij+i,-Tij], 

it comes 

Pimm = pimiA)) . 

□ 

Theorem 4.5. For all p measurable set included in IT, we have : 

p(«A(0(A))-p(A). 
Proof. As n = IJ, n,-, and A c IT, A can be written : 

A.^A, 

with A,- c n,-, and the A, disjoint. So, 

since the flow is strongly defined in IT. 

p(^(OA) = Y,P^4>(t)Ai) = - P([_\^i) = ■ 

isN isN isN 

□ 
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